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Abstract. We study effects of disorder on the integer quantized Hall effect within
the screening theory, systematically. The disorder potential is analyzed considering
the range of the potential fluctuations. Short range part of the single impurity
potential is used to define the conductivity tensor elements within the self-consistent
Born approximation, whereas the long range part is treated self-consistently at the
Hartree level. Using the simple, however, fundamental Thomas-Fermi screening, we
find that the long range disorder potential is well screened. While, the short range
part is approximately unaffected by screening and is suitable to define the mobility at
vanishing magnetic fields. In light of these range dependencies we discuss the extend
of the quantized Hall plateaus considering the “mobility” of the wafer and the width of
the sample, by re-formulating the Ohm’s law at low temperatures and high magnetic
fields. We find that, the plateau widths mainly depend on the long range fluctuations of
the disorder, whereas the importance of density of states broadening is less pronounced
and even is predominantly suppressed. These results are in strong contrast with the
conventional single particle pictures. We show that the widths of the quantized Hall
plateaus increase with increasing disorder, whereas the level broadening is negligible.
This work focuses on the disorder effects on the integer quantized Hall effect within the
screening theory. Since the early days of QHE, disorder played a very important role,
however, interactions were completely neglected. Here we present our results which also
includes interactions in a self-consistent manner and show that even without localization
one can obtain the quantized Hall plateaus. We investigated different aspects of the
impurity potential and suggested a criterion on mobility at high magnetic fields. We
think that our work will shed light on the understanding of the QHE and is interest to
condensed matter community. Keywords: Article preparation, IOP journals Submitted
to: J. Phys. C: Solid State Phys.
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1. Introduction
The integer quantized Hall effect (IQHE), observed at two dimensional charge systems
(2DCS) subject to strong perpendicular magnetic fieldsB, is usually discussed within the
single particle picture, which relies on the fact that the system is highly disordered [1, 2].
These quantized (spinnless) single particle energy levels are called the Landau levels
(LLs) and the discrete energy values are given by EN = ~ωc(n + 1/2), where n is
the Landau index and ωc = eB/m
∗c is the cyclotron frequency of an electron with an
effective mass m∗ (≈ 0.067me, me being the bare electron mass at rest) and c is the
speed of light in vacuum. In single particle models the disorder plays several roles,
such as Landau level broadening [3], leading to a finite longitudinal conductivity [4, 5],
spatial localization [6] etc. Disorder can be created by inhomogeneous distribution of
dopant ions which essentially generates the confinement potential [7] for the electrons.
In the absence of disorder, the density of states are Dirac delta-functions D(E) =
1
2pil2
∑∞
N=0δ(E − EN), where l =
√
~/eB is the magnetic length, and the longitudinal
conductivity (σl) vanishes. For a homogeneous two dimensional electron system (2DES),
by the inclusion of disorder and due to collisions, LLs become broadened. Therefore the
longitudinal conductance becomes non-zero in a finite energy (in fact magnetic field)
interval. Long range potential fluctuations generated by the disorder result in the so
called classical localization [8], i.e. the guiding center of the cyclotron orbit moves along
closed equi–potentials [9]. In contrast to the above mentioned bulk theories, the edge
theories usually disregard the effect of disorder to explain the (quantized) Hall resistance
RH and accompanying (zero) longitudinal resistance RL. However, the non-interacting
edge theories still require disorder to provide a reasonable description of the transition
between the plateaus. The Landauer-Bu¨ttiker approach (known as the edge channel
picture) [10] and its direct Coulomb interaction generalized version, i.e. the non-self-
consistent Chklovskii picture [11], also needs localization assumptions in order to obtain
quantized Hall (QH) plateaus of finite width (see for a review e.g. Datta’s book [12]
and Ref. [9] for the estimates of plateau widths at the high disorder limit).
In contrast to above discussions very recent experimental [13, 14, 15, 16] and
theoretical [17, 18] results point the incomplete treatment of the disorder potential
and scattering mechanisms. Fairly recent theoretical approaches [19], the QH plateaus
are obtained by the inclusion of direct Coulomb interaction self-consistently [20] and the
effect of the disorder was handled via conductivity tensor elements [21], however, the
source of the disorder and its properties was left unresolved [22]. Whereas, the influence
of potential fluctuations on the QH plateaus were discussed briefly [23, 24].
This work provides a systematic investigation of the disorder potential and its
influence on the quantized Hall effect including direct Coulomb interaction. The
investigation is extended to realistic experimental conditions in determining the widths
of the quantized Hall plateaus. We, essentially study the effect of disorder in two distinct
regimes, namely the short range and the long range. The short range part is included
to the density of states (DOS), thereby influences the widths of the current carrying
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edge-states and the entries of the conductivity tensor. Whereas, the long range part
is incorporated to the self-consistent calculations, which determines the extend of the
plateaus in turn. In Sec 2 we introduce two types of single impurity potentials, namely
the Coulomb and the Gaussian, and compare their range dependencies considering
damping of the dielectric material. In the next step we discuss the screened disorder
potential within a pure electrostatic approach, by considering an homogeneous two
dimensional electron system (2DES) without an external magnetic field and show that
the long range part is well screened, whereas the short range part is almost unaffected.
Section 2.2 is devoted to investigate impurities numerically, where we solve the Poisson
equation self-consistently in three dimensions. The numerical and analytical calculations
are compared, considering the estimations of the disorder potential range and its
variation amplitude. We finalize our discussion with Sec. 3, where we calculate the
plateau widths under experimental conditions for different sample widths and mobilities.
2. Impurity potential
The disorder potential experienced by the 2DES, resulting from the impurities has quite
complicated range dependencies. Since, the potential generated by an impurity is (i)
damped by the dielectric material in between the impurity and the plane where the
2DES resides (ii) is screened by the homogeneous 2DES depending on the density of
states, which changes drastically with and without magnetic field. It is common to
theoreticians to calculate the conductivities from single impurity potentials, such as
Lorentzian [19], Gaussian [25] or any other analytical functions [26, 27]. However, the
landscape of potential fluctuations is also important to define the actual mobility of the
sample at hand, in particular in the presence of an external magnetic field.
2.1. Pure Electrostatics
We first discuss the different range dependencies of the Coulomb and Gaussian donors,
assuming open boundary conditions. Next, the effect of the spacer thickness on the
disorder potential is discussed, namely the damping of the external (Coulomb) potential,
and is compared with the Thomas-Fermi screening. The different damping/screening
dependencies of the resulting potentials are discussed in terms of range.
The Coulomb potential presents long range part, which leads to long range
fluctuations due to overlapping if several donors are considered. Whereas, the Gaussian
potential decays exponentially on the length scale comparable with the separation
thickness. Since the Gaussian potential is relatively short ranged, no overlapping of
the single donor potentials occur. Hence, the external potential experienced by the
electrons can be approximated to a homogeneous potential fairly good. Thus one can
conclude that approximating the total disorder potential by Gaussians is not sufficient to
recover the long range part. Similar arguments are also found in the literature [6, 9, 24].
In order to overcome the difference observed at the long range potential fluctuations
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between the Coulomb and the Gaussian impurities, the following procedure is applied:
First we calculate the total disorder potential considering many impurities then we
perform a two-dimensional Fourier transformation of the Coulomb potential and make
a back transformation keeping the first few momentum q components in each direction,
hence only the long range part of the potential is left [24]. Then we add the long range
part of the Coulomb potential to the potential created by donors, i.e. to the confinement
potential. We take this as a motivation to simulate the short range part of the impurity
potential by Gaussian impurities, and calculate the Landau level broadening and the
conductivities, described within the self-consistent Born approximation (SCBA) [25].
Here we point to the effect of the spacer thickness on the impurity potential
experienced in the plane of 2DES. It is well known from experimental and theoretical
investigations that, if the distance between the electrons and donors is large, the mobility
is relatively high and it is usually related with suppression of the short range fluctuations
of the disorder potential. These results agree with the experimental observations of
high mobility samples and are easy to understand from the z dependence of the Fourier
expansion of the Coulomb potential,
V ~q(z) =
∫
d~re−i~q·~r
N∑
j
e2/κ¯√
(~r − ~rj)2 + z2
=
2pie2
κ¯q
e−|qz|NS(~q), (1)
where S(~q) contains all the information about the in-plane donor distribution and N
is the total number of the ionized donors. We observe that if the spacer thickness is
increased, the amplitude of the potential decreases rapidly. We also see that the short
range potential fluctuations, which correspond to higher order Fourier components, are
suppressed more efficiently.
Next, we discuss electronic screening of the external potential created by the donors
discussed above. For a dielectric material the relation between the external and the
screened potentials are given by,
V qscr = V
q
ext/(q), (2)
where (q) is the dielectric function and is given by (q) = 1 + 2pie
2D0
κ¯|q| , with the constant
2D density of states D0 = m/(pi~2) in the absence of an external B field, and is known
as the Thomas-Fermi (TF) function. The simple linear relation above, together with
the TF dielectric function essentially describes the electronic screening of the Coulomb
potential given in Eq. 1, if there are sufficient number of electrons [9] (nel > 0.1 · 1015
m−2). Consider a case where the q component approaches to zero, then the external
(damped) potential is well screened, hence the long range part of the disorder potential.
Whereas, the short range part remain unaffected, i.e. high q Fourier components. Now
we turn our attention to the second type of impurities considered, the Gaussian ones.
As well known, the Fourier transform of a Gaussian is also of the form of a Gaussian,
therefore, similar arguments also hold for this kind of impurity.
We should emphasize once more the clear distinction between the effect of the
spacer on the external potential and the screening by the 2DES, i.e. via (q). The
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Figure 1. Schematic representation of the crystal, which we investigate numerically.
The crystal is grown on a thick GaAs substrate, where the 2DES is formed at the
interface of the AlGaAs/GaAs hetero-junction. The top AlGaAs layer is doped
with Silicon 30 nm above the interface. The crystal is spanned by a 3D matrix
(128× 128× 60).
former depends on the Fourier transform of the Coulomb potential and the important
effect is the different decays of the different Fourier components (see Eq. 1), so that the
short range part of the disorder potential is well dampened, whereas the latter depends
on the relevant DOS of the 2DES and the screening is more effective for the long range
part.
We continue our investigation by solving the 3D Poisson equation iteratively for
randomly distributed single impurities, where three descriptive parameters (i.e. the
number of impurities, the amplitude of the impurity potential and the separation
thickness) are analyzed separately. Next, we discuss the long range parts of the potential
fluctuations investigating the Coulomb interaction of the 2DES, numerically. The range
is estimated from these investigations by performing Fourier analysis and is related to
the samples used in experiments [15, 16] (Sec. 4).
2.2. 3D simulations
In the previous section we took a rather simple way to study the effect of interactions
by assuming an homogeneous 2DES and screening is handled by the TF dielectric
function. Here, we present our results obtained from a rather complicated numerical
method. We solve the Poisson equation in 3D starting from the material properties
of the wafer at hand, the typical material we consider is sketched in Fig. 1. Namely,
using the growth parameters, we construct a 3D lattice where the potential and the
charge distributions are obtained iteratively assuming open boundary conditions, i.e.
V (x→ ±∞, y → ±∞, z → ±∞) = 0. For such boundary conditions, we chose a lattice
size which is considerably larger than the region that we are interested in. We preserve
the above conditions within a good numerical accuracy (absolute error of 10−6). A forth
order grid approach [28] is used to reduce the computational time, which is successfully
used to describe similar structures [29].
Figure 1 presents the schematic drawing of the hetero-structure which we are
interested in. The donor layer is δ− doped by a density of 3.3×1016 m−2 (ionized) Silicon
Disorder in screening theory 6
    
Figure 2. (a) Electron density fluctuation considering 3300 impurities 30 nm above
the electron gas. (b) The long-range part, arrows are to guide the distance between
two maxima. The calculation is repeated for 50 random distributions, which lead to a
similar range.
atoms, ∼ 30 nm above the 2DES, which provide electrons both for the potential well at
the interface and the surface. It is worthwhile to note that most of the electrons (∼ %90)
escape to the surface to pin the Fermi energy to the mid-gap of the GaAs. In any case,
for such wafer parameters there are sufficient number of electrons (nel & 3.0×1015 m−2)
at the quantum well to form a 2DES. To investigate the effect of impurities we place
positively charged ions at the layer where donors reside. From Eq. 1 we estimate the
amplitude of the potential of a single impurity to be e
2
κ
Vimp
zD
= 0.033 eV and assume that
some percent of the ionized donors are generating the disorder potential, that defines the
long range fluctuations. In our simulations we perform calculations for a unit cell with
areal size of 1.5 µm×1.5 µm which contains 3.3×1016 donors per square meters, thus with
10 percent disorder we should have NI ∼ 3300 impurities. Figure 2a depicts the actual
density distribution, when considering 3300 impurities, whereas Fig. 2b presents only
the long range part of the density fluctuation. The arrows show the average distance
between two maxima, which is calculated approximately to be 550 nm. To estimate
an average range of the disorder potential, we repeated calculations for such randomly
distributed impurities, where number of repetitions scales with
√
NI . Such a statistical
investigation, sufficiently ensembles the system to provide a reasonable estimation of
the long range fluctuations. We also tested for larger number of random distributions,
however, the estimation deviated less than tens of nanometers. We show our main result
of this section in Fig. 3, where we plot the estimated long range part of the disorder
potential considering various number of impurities NI and impurity potential amplitude
Vimp. Our first observation is that the long range part of the total potential becomes
less when NI becomes large, not surprisingly. However, the range increases nonlinearly
while decreasing NI , obeying almost an inverse square law and tend to saturate at highly
disordered system. When fixing the distributions and NI , and changing the amplitude
of the impurity potential we observe that for large amplitudes the range can differ as
Disorder in screening theory 7
    
Figure 3. Statistically estimated range of the density fluctuations as a function of
number of impurities, considering various impurity strengths (a) and spacer thicknesses
(b). The calculations are done at zero temperature considering Coulomb impurities.
The long range potential fluctuations become larger than the size of the unit cell if one
considers less than %5 disorder.
large as 200 nm at all impurity densities. We found that for impurity concentration
less than %3, the range of the potential is larger than the unit cell we consider, i.e
R > 1.5µm. In contrast to the long range part, the short range part is almost unaffected
by the impurity concentration, however, is affected by the amplitude. Therefore, while
defining the conductivities we will focus our investigation on Vimp. Another important
result is that the estimates of long range fluctuations does not depend strongly on
the spacer thickness, if one keeps the amplitude of single impurity potential amplitude
fixed, Fig. 3b. All of the above numerical observations coincide fairly good with our
analytical investigations in the previous section. However, the range dependency on
the impurity concentration cannot be estimated with the analytical formulas given. We
should also note that, similar or even complicated numerical calculations are present in
the literature [6, 7]. A indirect measure of the screening effects on the potential can also
be inferred by capacitance measurements, supported by the above calculation scheme
in the presence of external field [14].
Next section is devoted to investigate the widths of the quantized Hall plateaus
utilizing our findings. We consider mainly two “mobility” regimes, where the long range
fluctuations is at the order of microns (high mobility) and is at the order of few hundred
nanometers, low mobility. However, the amplitude of the total potential fluctuations
will be estimated not only depending on the number of impurities but also depending
on the spacer thickness, range and amplitude of single impurity potential.
3. Quantized Hall plateaus
The main aim of this section is to provide a systematic investigation of the quantized
Hall plateau (QHP) widths within the screening theory of the IQHE [20], therefore
here we summarize the essential findings of the mentioned theory. In calculating the
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QHPs one needs to know local conductivities, namely the longitudinal σl(x, y) and the
transverse σH(x, y). To determine these quantities it is required to relate the electron
density distribution nel(x, y) to the local conductivities explicitly. Here we utilize
the SCBA [25]. However, the calculation of the electron density and the potential
distribution including direct Coulomb interaction is not straightforward, one has to
solve the Schro¨dinger and the Poisson equations simultaneously. This is done within
the Thomas-Fermi approximation which provides the following prescription to calculate
the electron density
nel(x, y) =
∫
dED(E)
1
e(EF−V (x,y))/kBT + 1
, (3)
where D(E) is the appropriate density of states calculated within the SCBA, where kB
is the Boltzmann constant and T temperature. The total potential is obtained from
V (x, y) =
2e2
κ¯
∫
dxdyK(x, y, x′, y′)nel(x, y), (4)
and the Kernel K(x, y, x′, y′) is the solution of the Poisson equation satisfying the
boundary conditions to be discussed next.
In the following we assume a translation in variance in y-direction and implement
the boundary conditions V (−d) = V (d) = 0 (2d being the sample width), proposed
by Chklovskii et.al. [11], such a geometry allows us to calculate the Kernel in a closed
form. Hence, Eqs. (3) and (4) forms the self-consistency. For a given initial potential
distribution, the electron concentration can be calculated at finite temperature and
magnetic field, where the density of states D(E) contains the information about the
quantizing magnetic field and the effect of short range impurities. Here we implicitly
assume that the electrons reside in the interval −b < x < b (where, dl = |d−b|/d is called
the depletion length), and is fixed by the Fermi energy, i.e. the number of electrons,
hence donors. As a direct consequence of Landau quantization and the locally varying
electrostatic potential, the electronic system is separated into two distinct regions, when
solving the above self-consistent equations iteratively: i) The Fermi energy equals to
(spin degenerate) Landau energy and due to DOS the system illustrates a metallic
behavior, the compressible region, ii) The insulator like incompressible region, where
EF falls in between two consequent eigen-energies and no states are available [11, 30].
It is usual to define the filling factor ν, to express the electron density in terms of
the applied B field as, ν = 2pil2nel. Since all the states below the Fermi energy are
occupied the filling factor of the incompressible regions correspond to integer values
(e.g. ν = 2, 4, 6...), whereas the compressible regions have non-integer values, due
to partially occupied higher most Landau level. The spatial distribution and widths
of these regions are determined by the confinement potential [11], magnetic field [31],
temperature [32] and level broadening [19, 20]. For the purpose of the present work we
fix the confinement potential profile by confining ourselves to the Chklovskii geometry
and keeping the donor concentration (and distribution) constant. Moreover we perform
our calculations at a default temperature given by kBT/E
0
F = 0.02, where E
0
F is the
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Figure 4. The Hall resistances versus magnetic field, calculated at default temperature
and considering a 10 µm sample for different ranges of the single impurity potential.
Inset depicts a larger B field interval, where ν = 4 plateau can also be observed.
Fermi energy calculated for the electron concentration at the center of the sample and
is typically similar to 10 meV.
The next step is to calculate the global resistances, i.e. the longitudinal RL and Hall
RH resistances, starting from the local conductivity tensor elements. Such a calculation
is done within a relaxed local model that relates the current densities j(x, y) to the
electric fields E(x, y), namely the local Ohm’s law:
j(x, y) = σˆ(x, y)E(x, y). (5)
The strict locality of the conductivity model is lifted by an spatial averaging process [20]
over the quantum mechanical length scales and an averaged conductivity tensor σˆ(x, y)
is used to obtain the global resistances. It should be emphasized that, such an averaging
process also simulates the quantum mechanical effects on the electrostatic quantities. To
be explicit: if the widths of the current carrying incompressible strips become narrower
than the extend of the wave functions, these strips become “leaky” which can not
decouple the two sides of the Hall bar and back-scattering takes place. Therefore, to
simulate the “leakiness” of the incompressible strips we perform coarse-graining over
quantum mechanical length scales.
Now let us relate the local conductivities with the local filling factors. Since the
compressible regions behave like a metal within these regions there is finite scattering
Disorder in screening theory 10
dl = 70 nm Rg = 10 nm 20 nm 40 nm 80 nm
2d= 2 µm 0.120 0.120 0.100 0.050
3 µm 0.135 0.125 0.090 0.035
5 µm 0.140 0.115 0.070 0.020
8 µm 0.135 0.095 0.050 0.010
10 µm 0.130 0.085 0.040 0.010
leading to finite conductivity. In contrast, within the incompressible regions the
back-scattering is absent, hence, the longitudinal conductivity (and simultaneously
resistivity) vanishes. Therefore, all the imposed current is confined to these regions.
The Hall conductivity, meanwhile is just proportional to the local electron density.
The explicit forms of the conductivity tensor elements are presented elsewhere [20].
Having the electron density and local magneto-transport coefficients at hand, we perform
calculations to obtain the widths of the quantized Hall plateaus utilizing the above
described, microscopic model assisted by the local Ohm’s law at a fixed external current
I. Further details of the calculation scheme is reviewed in Ref. [23].
3.1. Single impurity potentials: Level broadening and conductivities
Since the very early days of the charge transport theory, collisions played an important
role. Such a scattering based definition of conduction also applies for the system at
hand, i.e. a two-dimensional electron gas subject to perpendicular magnetic field.
Among many other approaches [33, 19, 27] the SCBA emerged as a reasonable model to
describe the DOS assuming Gaussian impurities, considering short range scattering. A
single impurity has two distinct parameters that represents the properties of the resulting
potential, the range Rg (at the order of separation thickness) and the amplitude of the
potential (in relevant units), V˜imp. However, these two parameters are not enough to
define the widths of the Landau levels (Γ), another important parameter is the number
of the impurities, NI . In the previous section we have already investigated these three
parameters in scope of potential landscape, now we utilize our findings to define the
level widths and the conductivities. It is more convenient to write the single impurity
potential of the form,
Vg(r) =
V˜imp
piR2g
exp (− r
2
R2g
). (6)
Together with the impurity concentration, the relaxation time is defined as τ0 =
~3
NI V˜
2
impm
∗
and in the limit of delta impurities (i.e. Rg → 0) the Landau level width Γ takes the
form Γ =
√
4NI V˜
2
imp
2pil2
. It is useful to define the impurity strength parameter to investigate
the effect of disorder by
γ2I = (Γ/~ωc)2 =
2NI V˜
2
impm
pi~3ωc
, (7)
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dl = 150 nm Rg = 10 nm 20 nm 40 nm 80 nm
2d= 2 µm 0.140 0.140 0.125 0.075
3 µm 0.160 0.150 0.120 0.055
5 µm 0.180 0.150 0.095 0.035
8 µm 0.180 0.130 0.070 0.020
10 µm 0.175 0.120 0.060 0.015
Table 1. The ν = 2 plateau widths obtained at default temperature for two depletion
lengths dl (left 75 nm, right 150 nm), while γI = 0.05 is fixed (defined in Eq. 7 and
the related text below). The widths are given in units of ~ωc/E0F = Ωc/E0F .
given in units of magnetic energy ~ωc = ~eBm = Ωc and as a normalization parameter we
fix the magnetic energy at 10 T.
At this point we would like to make a remark on the concepts short/long range
impurities and short/long range potential fluctuations, which is commonly mixed. By
short range impurity potential we mean that Rg . l, however, by short range potential
fluctuation a length scale of the order of 200 − 300 nm is meant. The long range
impurity potential corresponds to Rg > l and long range potential fluctuation is of
the order of micrometers. Thus, when considering short range impurities the potential
fluctuations may be long range, if NI is not large (< %5 of the donor concentration).
We have also observed that, the long-range potential fluctuations are more efficiently
screened by the 2DES and their range can be at the order of 500 nm at most, when
assuming large impurity concentration, i.e. NI > %10. In light of the above findings
and formulation we now investigate the widths of the quantized Hall plateaus. Figure 4
presents the calculated Hall resistances at a fixed temperature for typical single impurity
ranges. We observe that, when increasing Rg the plateau widths remain approximately
the same, with a small variation, which is in contrast to the experimental findings,
i.e. if the system is low mobility (small Rg ⇒ highly broadened DOS) the plateau
are larger. In fact changing Rg from 10 nm to 20 nm should increase the zero B
field mobility almost an order of magnitude, when fixing the other parameters (see
e.g table I of Ref. [20]). The contradicting behavior is due to the fact that the levels
become broader when increasing the single impurity range, therefore the incompressible
strips become narrower, which results in a narrower plateau. However, the long range
potential fluctuations are completely neglected, therefore the effect(s) of disorder on
the quantized Hall plateaus cannot be described in a complete manner. To investigate
the effect of the single impurity range we systematically calculated the plateau widths;
table 1 depicts the calculated widths of the Hall plateaus considering different sample
widths, depletion lengths, filling factors and Rg. One sees that the plateau widths are
affected by the increase of impurity range, however, in a completely wrong direction, i.e.
plateaus become narrower when decreasing the mobility. As we show in the next section,
it is not sufficient to describe mobility only considering the range of a single impurity.
Moreover, we also show that the other two parameters defining B = 0 mobility are either
Disorder in screening theory 12
  
Figure 5. The calculated Hall resistances at default temperature assuming a 5 µm
sample considering three characteristic value of broadening parameter. The lowest
mobility (γI=0.3) shows the narrowest plateau.
not important or behaves in the opposite direction when calculating the resistances.
Next we investigate the effect of the remaining two parameters, V˜imp and NI .
However, these two parameters both effect the level width simultaneously, thereby the
widths of the incompressible strips. Hence, one cannot to distinguish their influence
on the QHPs separately. Typical Hall resistances are shown in Fig. 5 calculated at
default temperature considering different impurity parameters. Similar to the range
parameter, we observe that the plateau widths become narrower when the mobility is
low, which also points that our single particle based level broadening calculations are
not in the correct direction. Such a behavior is easy to understand, when we decrease
the mobility either by increasing the impurity concentration or by the amplitude of the
impurity potential, the Landau levels become broader due to collisions. This means that,
both the energetic and spatial gap between two consequent levels is reduced, hence the
resulting incompressible strips are also narrower and fragile even at low temperatures. A
detailed investigation on the incompressible widths depending on impurity parameters
are reported in Ref. [19]. It is known that if there exists an incompressible strip wider
than the Fermi wavelength the system is in the quantized Hall regime [20], therefore, if
the gap is reduced the incompressible strips are smeared, thus the quantized Hall plateau
vanish. As a general remark on the single particle theories, we should note that such a
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reduced gap is also a gross problem for the non-interacting models [34, 35, 36], however,
one can overcome this discrepancy by making localization assumptions [1]. Namely,
one assumes that even within the broadened Landau levels there are states, which are
localized, therefore electrons cannot contribute to transport. Hence, although the gap
is small (levels are broad) these localized states serves as a reasonable candidate to
explain the low mobility behavior. In the early days of IQHE it was a great challenge to
describe and observe these localized states [3]. Recent experiments [37, 38, 15, 39] show
clearly that, the localization assumptions are not relevant in all the cases, i.e. narrow
and high mobility samples. Moreover, the universal behavior of the localization length
dictated by these theories fail [40]. An explicit treatment of the activation energy [41]
and critical exponents are left to an other publication.
3.2. Size effects on plateau widths
Another important parameter in defining the plateau widths is the depletion length
dl. The slope of the confinement potential close to the edges essentially determines the
widths of the incompressible strips [11], which in turn determines the plateau widths.
In Fig. 6 we show the ν=2 plateau calculated for two different depletion lengths, we
see that for the larger depletion the plateau is more extended. Since, the larger the
depletion is, the smoother the electron density is. Therefore, resulting incompressible
strips are wider, hence the plateau. Such an argument will fail if one considers a
highly disordered large sample, which we discuss in Sec. 3.3. Next, we compare the
plateau widths of different sample sizes while keeping constant the disorder parameters
and depletion length. Figure 6 depicts the sample size dependency of ν = 2 plateau
width. It is seen that the larger samples present wider plateaus, if the magnetic field
is normalized with the center Fermi energy, E0F . One can understand this by similar
arguments given above, i.e. if the sample is narrow the variation of the confinement
potential is stronger, therefore the incompressible strips become narrower, hence, the
plateaus. The discrepancy between the experimental results and the screening theory
of the IQHE is solved if one considers not only the single impurity potentials but also
the overall disorder potential landscape generated by the impurities. In the next part
of this section, we investigate the effect of the long range potential fluctuations on the
quantized Hall plateaus and find that, when the mobility is reduced the plateaus become
wider and stabile, as it is observed in many experiments, (see e.g. Refs. [42, 15, 16]).
3.3. Many many impurities: Potential fluctuations
So far we have investigated the effect of single impurity potentials on the overall
potential landscape in Sec. 2.2 and on the widths of the plateaus in Sec. 3.1. We
have seen that, at high impurity concentration the overall potential fluctuates over a
length scale of couple of hundred nanometers, whereas for low NI concentration such
length scale can be as large as micrometers. Now we include the effect of this long range
potential fluctuations into our screening calculations via modulation potential defined
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Figure 6. a) The calculated Hall resistances at a large B interval at default
temperature, setting 2d = 5 µm, Rg = 20 nm and γI = 0.05, while changing the
depletion length. It is clearly seen that depletion length is much more important
than the single impurity parameters in determining the plateau widths. (b) The
direct comparison of the plateau widths considering different sample sizes. The
impurity parameters and depletion lengths are kept constant. Calculations are done
at kBT/E
0
F = 0.02, whereas the donor density is 4× 1015 m−2 for all sample sizes.
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Figure 7. Self-consistently obtained Hall resistances for a modulated system
considering a sample of 3 µm. The depletion lengths and other single impurity
parameters are kept fixed, whereas the parity of the modulation period is set 5.
as Vmod(x) = V0 cos (
2pixmp
2d
) where, the modulation period mp, is chosen such that the
boundary conditions are preserved. At the moment, we consider two modulation periods
regardless of the sample width and vary the amplitude of the modulation potential. In
the next section, however, we select these two parameters from our estimations obtained
in Sec. 2 and Sec. 2.2.
Figure 7 depicts the self-consistently calculated Hall resistances, considering
different modulation amplitudes V0 for a fixed sample width (2d = 3 µm) and mp = 5.
We observe that, the plateaus become wider from the high B field side, when V0
is increased, i.e mobility is reduced. Such a behavior is now consistent with the
experimental findings. Since the QHPs occur whenever an incompressible strip is
formed (somewhere) in the sample and the modulation forces the 2DES to form an
incompressible strip at a higher magnetic field, therefore the plateau is also extended
up to higher field compared with the (approximately) non-modulated calculation,
V0/E
0
F < 0.1.
Our investigation of the impurities lead us to conclude that, one has to define
mobility at high magnetic fields also taking into account screening effects in general
and furthermore also the geometric properties of the sample such as the width and
depletion length. As an example if we consider an impurity concentration of ≈ %1
the long range part of the potential fluctuation can be approximated to 900 nm.
However, note that the amplitude of this fluctuation varies between %5 − 25 of the
Fermi energy, considering different separation thicknesses, therefore the wafer changes
from low mobility to intermediate one. Another important parameter is the number of
modulations within the system: a sample with an extend of 2 µm and V0/EF = 0.1
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mobility mp (10 µm) mp (2 µm) V0/E
0
F
low 19-20 5-6 0.5
intermediate 1 9-10 2-3 0.5
intermediate 2 19-20 5-6 0.05
high 9-10 2-3 0.05
Table 2. A qualitative comparison of the mobility in the presence of magnetic field
also taking into account self-consistent screening. Mobility also depends on the size of
the sample when screening is also considered.
is a high mobility sample with the same mp (only 2 maximum), however, sample with
a width of 10 µm is low mobility (10 maximum). In the next section we study the
plateau widths of different mobility samples, while keeping constant the extend and the
amplitude of long range potential fluctuations (i.e. V0 and mp) and short range impurity
parameters (V˜imp, NI and Rg) under experimental conditions.
4. Discussion:Comparison with the experiments
In this final section, we harvest our findings of the previous sections to make quantitative
estimations of the plateau widths, considering narrow gate defined samples. Our aim is
to show the qualitative and quantitative differences between “high” and “low” mobility
samples, by taking into account properties of the single impurity potentials and the
resulting disorder potential. The experimental realizations of these samples are reported
in the literature [15, 16]. We estimated in Sec. 2.2 that, the range of the potential
fluctuations is . 500 nm for low mobility (NI > 3300) and is & 1 µm at high mobility.
Therefore, the modulation period is chosen such that many oscillations correspond to
low mobility, and few oscillations correspond high mobility. As an specific example let
us consider a 10 µm sample, for the low mobility we choose mp = 19 − 20 and for
the high mobility mp is taken as 9 or 10. The amplitude of the disorder potential is
damped to %50 of the Fermi energy when considering the effect of spacer thickness,
however, including screening this amplitude is further reduced to few percents. In
light of this estimations the low mobility will be presented by a modulation amplitude
of V0/E
0
F = 0.5, whereas high mobility corresponds to V0/E
0
F = 0.05. Therefore, we
have 4 different combinations of the disorder potential parameters yielding four different
mobilities considering two sample widths, as tabulated in table 2. The second important
aspect of the disorder is the single impurity parameters, for low mobility set we choose
Rg = 20 nm and γI = 0.3, whereas for high mobility Rg = 10 nm and γI = 0.05 is
set. Remember that, the range of the single impurity is much less important than γI in
determining the plateau width (see sec. 3.1).
Figure 8 summarizes our results considering above discussed mobility regimes for
two different sample widths. In Fig. 8a, we show the calculated Hall resistances for a
sample of 10 microns with the highest mobility (solid (black) line) and intermediate
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1 mobility (broken (red) line). The solid line is the highest mobility since the range
of the fluctuations are at the order of 1 µm and the amplitude of the modulation
potential is five percent of the Fermi energy. The broken line presents the intermediate
mobility considering a modulation amplitude of fifty percent. We observe that the
lower mobility wafer presents a larger quantized Hall plateau, which is now in complete
agreement with the experimental results. Moreover, our calculation scheme is free of
localization assumptions in contrast to the known literature and we only considered a
very limited level broadening, i.e. γI = 0.05. In fact our results also hold for Dirac-delta
Landau levels, however, for the sake of consistency we choose the broadening parameters
according to the selected disorder parameters. In Fig. 8c, we show two curves for even
lower mobilities, the solid line corresponds to the intermediate 2 case, whereas the
broken line is the lowest mobility considered here. The potential fluctuation range (i.e.
the modulation period) is chosen to present the low mobility wafer. We again see that
for the lowest mobility the quantized Hall plateau is enlarged considerably from both
edges of the plateau. These results explicitly show that the quantized Hall plateaus
become broader if one strongly modulates the electronic system by long range potential
fluctuations, either by changing the range or the amplitude of the modulation. Similar
results are also obtained for a relatively narrower sample 2d = 3 µm, Fig. 8b and 8d,
however, we see that decreasing the range of the potential fluctuation is more efficient
in enlarging the quantized Hall plateaus when compared to the effect of the amplitude
of the modulation.
The last interesting investigation is on the parity of the modulation period, i.e.
whether mp is odd or even. Figure 9 presents the different behavior when considering
even (a) or odd (b) periods. Here, all the disorder parameters are kept fixed, other than
the parity. We see that for the even parity the plateau is shifted towards the high field
edge, both for ν = 2 and 4, whereas for the odd parity the plateau is enlarged from
both sides. This tendency is also observed for the larger sample (not shown here). We
attribute this behavior again to the formation of the incompressible strips, however, this
time only to the one residing at the center of the sample, i.e. the bulk incompressible
strip. The picture is as follows: If the maxima of the modulation potential is at the
center of the sample, the incompressible strip is formed at a higher magnetic field value,
whereas, the edge incompressible strips become narrower at the lower field side. Hence,
due to the larger incompressible strip at the bulk of the sample the plateau is shifted to
the higher field, in contrast, due to the narrower (compared to the unmodulated system)
edge strips the plateau is cut off at higher fields. Since, the edge incompressible strip
becomes narrower than the extend of the wave function. For the odd parity, the edge
incompressible strips become wider, therefore, the plateau extends to the lower B fields.
The enhancement at the high field edge results from the two maximum in the proximity
of the center. For a better visualization of the incompressible strip distribution we
suggest reader to look at Fig.2 of Ref. [24] and Fig.1 of Ref. [43]. Such a shift of the
quantized Hall plateaus is also reported in the literature [42] and is attributed to the
asymmetrical density of states due to the acceptors in the system [44]. We claim that,
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Figure 8. Line plots of the Hall resistance as a function of magnetic field considering
two sample widths (2d = 10 µm left panels, 2d = 3 µm right panels) and impurity
concentrations (∼ %3 (a) and (b), ∼ %20 (c) and (d)). Here the single impurity
parameters are calculated from Eq. 7, otherwise other parameters are the same.
the shift due to the modulation parity change observed in our calculations overlap with
their findings. Note that in our calculations we only consider symmetric DOS, however,
replacing a maxima with a minima at the confinement potential corresponds to the
acceptor behavior of the dopants. A systematic experimental investigation is suggested
to understand the underlying physical mechanism, where the system is doped with small
number of acceptors.
5. Conclusion
In this work we tackled with the long standing and widely discussed question of the effect
of disorder on the quantized Hall plateaus. The distinguishing aspect of our approach
relies on the separate treatment of the long and short range of the disorder potential. We
show that assuming Gaussian impurities is not sufficient to describe long range potential
fluctuations, however, is adequate to give a prescription in defining the density of states
broadening and conductivities. The discrepancy in handling the long range potential
fluctuations is cured by the inclusion of a modulation potential to the self-consistent
calculations. We estimated the range of these fluctuations from our analytical and
numerical calculations considering the effect of dielectric spacer and the screening of the
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Figure 9. Even-odd parity dependency of the Hall plateaus at high impurity
concentration. (a) corresponds to a “acceptor” doped wafer, whereas in (b) the ionized
impurities are positively charged.
2DES. It is observed that spacer damps the short range fluctuations effectively, whereas
the direct Coulomb interaction is dominant in screening the long range fluctuations.
Utilizing the estimations of the range and the amplitude of potential fluctuations, we
classified mobility in four groups and calculated the Hall resistances within the screening
theory of the quantized Hall effect. We found that the Hall plateaus are wider when
decreasing the mobility, not surprisingly. However, the most important point of our
theory is that, we do not consider any localization assumptions, still obtain correct
behavior of the plateau widths. We show that B = 0 and/or short range impurity
defined mobility is not adequate to describe the actual mobility at high magnetic fields,
moreover, one has to include geometrical properties of the sample at hand.
A natural persecutor theoretical investigation of the present work should deal with
the activated behavior of the longitudinal resistance within the screening theory. As
it is well known, the properties of the localized states, e.g. the localization length, is
usually obtained from the activation experiments [45]. Moreover, spin generalization of
the screening theory [46] is necessary to describe and investigate odd integer quantized
plateaus also considering level broadening, namely disorder.
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